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Abstract—This paper proposes an extension of the uncondi-
tionally stable finite-element time-domain (FETD) method for
the global electromagnetic analysis of active microwave circuits.
This formulation has two advantages. First, the time-step size is
no longer governed by the spatial discretization of the mesh, but
rather by the Nyquist sampling criterion. Second, the implemen-
tation of the truncation by the perfectly matched layers (PML)
is straightforward. An anisotropic PML absorbing material is
presented for the truncation of FETD lattices. Reflection less
than 50 dB is obtained numerically over the entire propagation
bandwidth in waveguide and microstrip line. A benchmark test
on a microwave amplifier indicates that this extended FETD algo-
rithm is not only superior to finite-difference time-domain-based
algorithm in mesh flexibility and simulation accuracy, but also
reduces computation time dramatically.

Index Terms—Active/nonlinear circuit simulation, finite-
element time-domain method, global modeling, PML.

I. INTRODUCTION

RECENT trend in the microwave and very large scale
integration (VLSI) industries is to design faster circuits

and to integrate many functions in a single design. Conse-
quently, designs are made with higher operating frequencies,
faster digital clock rate, smaller device sizes, and lower power
consumption. These aspects make the signal integrity analysis
a challenging task and highlight the interconnect effects, such
as ringing, signal delay, distortion, reflections, and crosstalk.
These effects must be included in the early design stage. At very
high frequencies, lumped and distributed interconnect models
based on quasi-TEM approximations will become inaccurate
and cannot be rigorously analyzed with currently available
software. Accurate analysis of complex circuit structures
such as a monolithic microwave integrated circuit requires
a sophisticated mixed full-wave electromagnetic (EM) and
circuit simulator able to account for the EM coupling between
the closely placed components and all boundary conditions.

Extensive investigations have been proposed in the literature
aiming at the mixed EM and circuit analysis algorithms. It is
often important to analyze systems in a broad frequency band.
Time-domain methods are well suited to achieve this target be-
cause they can obtain broad-band information from a single
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computation. These transient approaches can be classified into
the following three categories:

1) transmission-line matrix method [1], [2];
2) finite-difference time-domain (FDTD)-based algorithms;
3) finite-element method (FEM)-based algorithms.

The vast majority of researchers focused on the extension of
the FDTD techniques to include lumped elements [3], [4].
The combination of FDTD and SPICE is proposed in [5].
The problem of using SPICE is that programming the link
between the EM simulator and SPICE can be time consuming.
Several extended FDTD algorithms are proposed in [6]–[8]
without SPICE. An algorithm based on the equivalent-source
concept for incorporating active devices into the FDTD
method is presented in [7]. This algorithm has been applied to
solve nonlinear microwave circuits including amplifiers and
mixers [9], [10], accounting also for crosstalk and packaging
effects [10]. The principal advantage of the FDTD is ease
of implementation. However, in its conventional form, the
grid for the spatial discretization is Cartesian and uniform in
nature. Consequently, FDTD restricts geometry representation
to stair-stepped-shaped boundaries, which results in a large
burden on the memory resources and the CPU time when the
method is applied to geometries with curvature and/or fine
features.

In the second category, the harmonic-balance method for ex-
tending the finite-element scheme in the frequency domain to
include passive linear components has been presented by Guil-
louard et al. in [11]. The same author also developed an al-
gorithm combining the FEM with SPICE in the time domain
[12]. Changet al. [13] proposed an extension of the finite-el-
ement time-domain (FETD) method for solving nonlinear mi-
crowave circuits without using SPICE. The FETD method com-
bines the advantages of a time-domain technique and the ver-
satility of their spatial discretization procedures. The compar-
ison between FDTD, FETD, and measurement results has been
shown in [13] that the FETD scheme provides better accuracy
than FDTD-based techniques reported thus far. However, the
time step required to converge to a final solution is smaller than
those required by explicit FDTD methods due to conditional
stability [14]. Gedney and Navsariwala [15] proposed an im-
plicit FETD solution based on the second-order electric-field
Maxwell’s equation. The time-dependent formulation employs
a time-integration method based on the Newmark–Beta method.
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With appropriate values of the parameters controlling the accu-
racy and stability of the scheme, the Newmark method yields an
unconditionally stable scheme with second-order accuracy.

In this paper, we propose an unconditionally stable extended
finite-element time-domain (USE FETD) method to solve mi-
crowave passive/active circuits by adapting the lumped-element
treatment proposed by Changet al. [13]. A benchmark test on
a microwave amplifier has been compared with results in [13]
and shows that this scheme not only retains the high accuracy of
the FETD, but also significantly reduces computation time over
the conditionally stable FETD method by at least ten times.

One of the most important aspects of finite-difference and fi-
nite-element implementations is the truncation of the computa-
tional volume. An ideal truncation scheme must ensure that the
outgoing waves are not reflected backward at the mesh termina-
tion surface. To date, a variety of absorbing boundary conditions
(ABCs) have been employed for truncating the computational
volume. There are several difficulties with traditional ABCs. For
example, to terminate the microwave circuit requiresa priori
knowledge of the propagation constants that are typically not
available for high-density packages. Also, when used to termi-
nate an open domain, ABCs reduce the convergence rate and
may be hard to implement on a surface conformal to the scatter
or radiator.

An alterative to traditional ABCs is to employ an artificial
absorber for mesh truncation. Berenger [16] introduced an ap-
proach of an artificial absorber, called perfectly matched layers
(PML), which is reflectionless at its surface for all incident
angles. However, Berenger’s PML does not satisfy Maxwell’s
equations and cannot be easily implemented in a finite-element
solution. Sackset al. [17] presented an alternative approach for
deriving a PML for mesh truncation. This approach is based
on using anisotropic material properties ( ) to
describe the absorbing layer. In contrast to the former PML
approach, this approach does not require a modification of
Maxwell’s equations. Furthermore, implementation of the
anisotropic PML approach is straightforward. Sacks’ method is
widely used in the FEM in the frequency domain [18], and was
extended to the FDTD method by Gedney [19].

PMLs for FETD have not received much attention, except by
Mathis [20]. Thus far, there is no detailed study in terms of the
quality of a PML in the FETD scheme. In this paper, we adapt
Mathis’s anisotropic PML to truncate the simulation volume in
the global EM analysis of active microwave circuits. Numerical
results of propagation in a waveguide and a microstrip structure
are given to demonstrate the performance of an optimized PML.

This paper is organized as follows. Section II presents
the FETD formulation implementing an anisotropic PML
absorption material, as well as the algorithm coupling with
lumped passive/active linear/nonlinear components. Section III
illustrates some numerical examples to demonstrate the PML
performance, followed by the full-wave simulation results
of a microwave amplifier. Finally, conclusions are drawn in
Section IV.

II. THEORY

A. Anisotropic PML for FETD Formulation

This section derives the FETD formulation to be used when
the perfectly matched anisotropic absorber is employed to ter-

minate the computational domain. The general time–harmonic
form of Maxwell’s equations is

(1)

where and are complex diagonal tensors of permeability
and permittivity, respectively. In this section, we concentrate
on the materials with and diagonal in the same coordi-
nate system. To match the intrinsic impedance of the anisotropic
PML medium to free space, the condition

(2)

must hold. Consequently, the tensorsand can be written
as

(3)

where

Since we want to consider only the electric field in the calcu-
lation domain, Maxwell’s equations can be written as

(4)

Using (4) as the starting point, we can obtain a modified equa-
tion, which can be utilized to derive the time-domain formula-
tion. Next, we want to isolate the dependencies in order to go to
a temporal formulation

(5)

where
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To solve (5) numerically, we discretize the domain with tetra-
hedral elements and express the electric field in terms of basis
functions associated with the edges of the elements

(6)

where is the total number of the edges, , i.e., a one-form
Whitney edge element [21], [22], is the vector basis function
associated with edge, and is the circulation of the electric
field along the edge.

The next step is to convert the frequency-domain formulation
to the time-domain version using the following relations:

(7)

Applying the above transformation, we can recast the
Maxwell’s equation in the following form:

(8)

Testing (8) with edge basis function , associated with non-
perfect-electric-conductor (PEC) edges of the grid, integrating
by parts, and decomposing the unknown fieldin a finite-ele-
ment basis yields the following weak form:

(9)

where is the vector of unknowns, is the vector of excitation
currents or the lumped-element current, and
and are time-independent matrices. Those terms are given
by

B. Mixed Full-Wave EM and Passive/Active Device Analysis

In order to introduce lumped elements into the three-dimen-
sional (3-D) FETD simulator, all vectors and matrices have been
split to separate the unknowns associated to edges in the mesh
in which the lumped elements are located (denoted by the sub-
script ) from those associated to standard edges (subscript).
Based on the method of Changet al. [13], (9) can be recast into
the following form:

(10)

where , , , , , , , ,
, , and are zero since the lump circuits are not inside

the perfectly matched anisotropic absorber.is zero if there
is no excitation in the passive structure. and are the cur-
rent and voltage at the terminal of the lumped element included
in the computational domain, respectively. Based on the New-
mark–Beta formulation [23], [24], (10) is approximated as

(11)

(12)

where

(13)

Gedney and Navsariwala [15] has proven that unconditional
stability is achievable by choosing the interpolation parameter

. This allows the time step to be chosen in order to
give a specific accuracy without being constrained by stability
criteria. It was further shown that choosing minimized
solution error. Substituting in (11) into (12) yields a set of
second-order ordinary differential equations (ODEs) in terms of
unknown as follows:

(14)

To solve the above second-order ODE, let

(15)
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Fig. 1. Simulated half-regions of: (a) waveguide and (b) microstrip line using
the perfectly matched anisotropic absorbing layer.

Fig. 2. Reflection error due to anisotropic PML termination of the waveguide
structure in Fig. 1(a) for various values of� (m = 2).

where is the equivalent capacitance andis the equivalent
current source. Both of the above compose a Norton equivalent
circuit of FETD cells as seen by the device. As the lumped-cir-
cuit model is used to represent the device, Kirchoff’s law is ap-
plied to construct state equations, which are generally a system
of first-order nonlinear ODEs, characterizing the EM wave and
device interaction. The nonlinear ODE system is discretized
with a forward difference scheme, and then the resulting equa-
tions are solved using multifrontal sparse Gaussian elimina-
tion, provided by the Harwell Subroutine Library, AEA Tech-
nology, Oxfordshire, U.K. For each time step, the updating of
the electric field requires solving a matrix equation of the type

, where is a sparse matrix. Since this matrix
is not time dependent, it can be factorized once before time
marching. The computation procedure of the mixed EM and
circuit simulation algorithm can be summarized as follows. As-
sume all the electric field quantities of FETD cells are known at
time steps and , and they are used to set up the known
forcing vector in (14). and across the lumped ele-
ments at time step are obtained by simultaneous solution
of the ODE system, and then are fed back into (11) to compute
the electric field at every edge in the FETD cells at time step

Fig. 3. Reflection error due to anisotropic PML termination of the microstrip
line structure in Fig. 1(b) for various values of� (m = 2).

Fig. 4. Stability test in time-domain simulation for various values of time step.
(m = 2; � = 5) The error increases as the step size is increased, but the
solution is still stable. (a) Incident electric fielddt = dt ,NT = 2000. (b)–(d)
Total electric field where: (b)dt = 10dt , NT = 200, (c) dt = 20dt ,
NT = 100, and (d)dt = 30dt , NT = 67. (dt is the time-step size based
on the stable criterion of the FDTD scheme.NT is the number of time step.)

Fig. 5. Reflection error due to anisotropic PML termination of the microstrip
line structure for various values of the time step (m = 2, � = 5.)

. This time-stepping scheme is repeated until the obser-
vation point after the drain of the device records the complete
output response.
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(a)

(b)

Fig. 6. (a) Simulation structure of the microwave amplifier. The circuit is metal shielded and the end wall is terminated by a ten-cell PML medium indicated by a
long dashed box. (b) Equivalent circuit of the microwave amplifier. The passive structures are represented by Norton current sources and their internal capacitance
are represented in dashed boxes, as seen from the active/passive device.

Fig. 7. Time response of the microwave amplifier.

Fig. 8. Small-signal analysis of the microwave amplifier.

III. RESULT

A. PML Performance Test

To evaluate the performance of the proposed anisotropic
PML, we consider the waveguide and shielded microstrip line
shown in Fig. 1. The computation volume can be reduced
to one-forth by setting perfect magnetic conductors (PMCs)
at symmetric planes. The cross sections of the waveguide
and the cavity shielding the microstrip line have the same
dimensions, i.e., 50 mil 74 mil. The microstrip line has
7.4-mil width, and the substrate has 7.4-mil thickness with a
relative permittivity of 9.8. In both cases, the structures are
terminated with a 200-mil-thick 20-layer absorber backing with
PEC walls and the observation point is located at mil,
ten cells away from the interface of the PML. Our interest is to
model the wave propagation in these structures and extract the
reflection coefficient computed in the presence of the absorbing
layer. Only the mode is chosen to propagate within the
waveguide. The excitation of an electric probe consisting of
a modulated Gaussian pulse is applied at the left-hand side,
with GHz and 10-GHz bandwidth for the waveguide
and GHz and 40-GHz bandwidth for the microstrip
line. Berenger [16] found that if the conductivity is constant
throughout the PML absorber, significant reflection occurs due
to the discrete approximation of the field. The problem in the
discrete space can be tempered by using a spatially variant
along the normal axis as

(16)

where is the interface between the two medium,is the depth
of the PML, and is the order of the polynomial variation.
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For most of the cases that we have studied thus far, is
the appropriate order to minimize the reflection error. Figs. 2
and 3 show the reflection coefficients inside the waveguide and
shielded microstrip line. A desired absorption down to50 dB
can be achieved by sufficient attenuation set by , e.g., at
least five for the microstrip line. A thinner absorber requires a
higher to produce the same absorption.

Based on the stable criterion of the FDTD scheme, the
time-step size of the microstrip line should be smaller than

ps, where mil, mil,
and mil. To prove the unconditional stability of
the algorithm, we simulate the microstrip-line structure by
increasing the time-step size up to 30 times. Fig. 4(a) shows
the incident field in step size for comparison. Fig. 4(b)–(d)
shows the total field in various time-step sizes. The time-do-
main dispersion error increases as the step size is increased, but
the solution is still stable. To reduce the dispersion error, higher
order (third or fourth) time-domain descritization scheme can
be used. Fig. 5 shows the reflection error due to anisotropic
PML termination of the microstrip-line structure for various
values of time step ( ). When the step size
is 30 times larger then , the solution still provides good
accuracy. This algorithm remains stable as the step size is
increased until the Nyquist rule is broken.

B. Analysis of Microwave Amplifier

Fig. 6(a) shows the layout of the simulated circuit using this
technique. The system under consideration is a microwave
amplifier, which includes a distributed passive structure,
lumped passive device, and an active device (GaAs MESFET).
Fig. 6(b) shows the equivalent circuit of the whole system. The
distributed circuit can be simulated using an FETD algorithm
and represented via the Norton generators with capacitive
internal admittance. The value of the Norton sources and their
internal capacitance is derived by the matrix equation (14).
In this paper, we do not consider the propagation effect of
EM fields inside the device because the device sizes are much
smaller than the wavelength in most of cases. The passive and
active devices can be represented by lumped-circuit models.
Each circuit element is placed on the edge of an FETD cell
as a two-terminal element. This mixed EM and circuit simu-
lation algorithm has considered EM/circuit interaction at the
following four locations:

1) input generators;
2) device input (gate) terminal;
3) output (drain) terminals;
4) load/drain power supply.

For comparison purposes, the active circuit (i.e., MESFET) used
is the same as in Changet al.’s FETD technique [13] and Kuoet
al.’s extended FDTD technique in [9]. The large-signal model
can be found in [9]. The dc-bias condition of this amplifier
( V and V) is provided by the two power
supplies connected at the input and output ports, respectively,
while the RF source is represented by the generator connected
to the input.

A FORTRAN program has been implemented. The entire sim-
ulation region is metal shielded and the end wall is terminated

by a 400-mil-thick ten-layer absorber.is spacially variant as
(15), while and . A modulated Gaussian pulse
with central frequency at 5 GHz is used to excite the circuit.
The number of the unknown electric fields to be solved in this
mesh is 303 198. The mesh has a minimum tetrahedral radius of

mil. When the time step size (3.5 ps) is ten times bigger
than that in [13], the number of computation time steps is re-
duced to 2500. The simulation time are 7 h and 50 min on a PC
Pentium II 450 MHz by using the standard FETD method in [13]
and the proposed USE FETD method, respectively. Fig. 7 shows
the time-domain response of the amplifier when a Gaussian
modulated pulse is applied at its input. Fig. 8 shows a good
comparison of the scattering parameters of the amplifier with
the result obtained with the FETD method in [13] shown.

IV. CONCLUSION

In this paper, we have proposed a USE FETD method to solve
a microwave passive/active circuit by adapting the lumped-ele-
ment treatment. In addition, we have demonstrated an optimal
anisotropic PML for the FETD to achieve a desired absorption
down to 50 dB over a wide frequency band in two propaga-
tion problems. The USE FETD algorithm cooperated with the
PML and was used here to analyze a microwave amplifier. The
result not only retains the accuracy of the FETD method in [13],
but also shows that the number of time iterations required can
be significantly reduced. As the need for mixed EM and circuit
simulation and computer-aided design (CAD) tools is going to
increase in the future with development of a wide range of com-
mercial products operating at a higher frequency, this implicit
method is very competitive with an explicit method for the sake
of geometry flexibility, accuracy, and efficiency.
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